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Abstract

A mathematical model is developed for the coupled analysis of the transport of macromolecules, such as low-density lipoproteins
(LDL), in the blood stream and in the arterial walls. The advection–diffusion equations in porous media are used to model the species
field in the arterial wall layers. The physical parameters needed are computed based on the available data from in vivo and in vitro mea-
surements. The computed parameters are compared to those provided by other models and the differences are discussed. The advantage
of the current model is that its set up is based on in vivo/vitro measurements and the calculated exact solutions of concentration field,
leading to more reliable results. The model is used to simulate the LDL transport in a stenosed artery with various area reductions and
stenosis numbers. The effects of hypertension and geometrical variation on the LDL accumulation within the wall are studied and dis-
cussed. This work provides essential information for studying atherogenesis.
� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Atherosclerosis is a form of cardiovascular disease that
is commonly located in the large- and medium-size arteries.
The development of atherosclerosis is a complicated pro-
cess which is associated with lipid deposition in the intima,
intimal thickening, and smooth muscle cell (SMC) prolifer-
ation. Hence the transport of the low-density lipoprotein
(LDL) from the blood into the arterial wall and its accu-
mulation within the wall play an important role in the pro-
cess of atherogenesis. The normal arterial wall can be
divided into four layers, namely endothelium, intima,
media and adventitia. As shown in Fig. 1, the innermost
endothelium layer is lined by a monolayer of endothelial
cells separating the blood from the vessel wall. The interen-
dothelial junctions are typically 20 nm in width which are
the primary pathway for many hydrophilic solutes.

The intima is considered to be an extracellular matrix
of homogeneously distributed proteoglycan and collagen
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fibers. The thickened intima also contains the smooth mus-
cle cells (SMCs). Equivalently, the media is modeled as a
homogeneous porous medium composed of smooth muscle
cells and elastic connective tissues. The intima and media
are separated by the internal elastic lamina, which contains
fenestral pores. The water and solutes are transported
through the fenestral pores. In the large elastic artery,
bands of elastin separate SMCs into several layers. How-
ever, they are not pronounced in the muscular artery and
are not taken into account in our model. The adventitia
is composed of fibrous tissue containing elastic fibers,
lymphatics and the occasional nutrient vessels (vasa vaso-
rum). It is widely accepted that the endothelium provides
most of the resistance which regulates the transport of
LDL into the arterial wall.

Computational modeling is an important avenue for
better understanding of the physical factors that influence
macromolecules transport process inside the biomedical
systems. For example, the computational modeling is uti-
lized to study the water molecules diffusion inside the brain
extracellular space [1,2] and also for modeling detection of
pathogens [3–6]. Several numerical and mathematical
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Nomenclature

Ared area reduction
C dimensional LDL concentration (mg/ml)
C0 reference LDL concentration C0 = 1.2 mg/ml
c dimensionless LDL concentration, C/C0

�c volume-averaged LDL concentration
D diffusivity of LDL (cm2/s)
F a function used in expressing inertia terms
J a unit vector oriented along the velocity vector
k the effective first-order reaction coefficient
KD Darcy permeability (cm2)
L thickness of a given artery wall layer (cm)
Lun total length of the un-stenosed artery (cm)
Lst total length of the stenosed artery (cm)
Lw total thickness of the artery wall layer (cm)
n unit vector normal to the interfaces
N 00s mass flux of solute per unit area through the

wall (cm/s)
p hydraulic pressure (mm Hg)
Ptot apparent permeability (cm/s)
Pdiff diffusive permeability (cm/s)
Pe Peclet number
r local radius (cm)
R0 radius of the un-stenosed arterial lumen (cm)
R hydraulic resistance (g/cm2 s)
Rg universal gas constant
Re Reynolds number
t dimensional time (s)
T absolute temperature (K)
U0 mean inlet velocity in the lumen (cm/s)
~u velocity vector (cm/s)
u dimensional axial velocity (cm/s)
ufilt the filtration velocity through the wall (cm/s)
v dimensional radial velocity (cm/s)

w1,2 weighting functions
x0 the stenosis half-length (cm)
xst the x coordinate of the center of the stenosis

Greek symbols

m kinematic viscosity (cm2/s)
q density (g/cm3)
l dynamic viscosity of the whole blood (g/(cm s))
lp dynamic viscosity of plasma (g/(cm s))
~lp effective viscosity of plasma in a given medium

(g/(cm s))
rd the osmotic reflection coefficient
e porosity
s tortuosity
c the sieving coefficient
k1,2 the eigenvalues
n ratio between the sieving coefficients of endothe-

lium and IEL
j ratio between the diffusive permeabilities of

endothelium and IEL
d dimensionless thickness of the luminal reduction

in the radial direction

Subscripts

adv adventitia
avg mean value
eff effective property
end endothelium
iel IEL
int intima
l lumen
med media
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models have been developed to study the LDL transport
through the arterial walls [7–9]. According to the classifica-
tion of Prosi et al. [10], there are usually three categories of
the models depending on the level of description of the
arterial wall. The wall-free model describes the arterial
walls simply by means of some suitable boundary condi-
tion. Although this model requires a small number of
parameters, the concentration profiles within the wall can-
not be obtained [11]. The fluid–wall model approximates
the wall structure by a simple homogeneous layer. It is bet-
ter than the wall-free model. However, it is still quite inac-
curate as it misses the major wall components which are
crucial to atherosclerosis [8].

The multilayer model is the most complex model which
takes into account the heterogeneous properties of the lay-
ers constituting the wall. Due to its complexity, a larger
number of parameters are required to characterize the
physical properties of each layer [7,12]. Most of the previ-
ous multilayer models are based on the assumption that the
physical properties of the porous wall can be identified by
the pore theory. However, this approach does not provide
satisfactory estimations. Prosi et al. [10] proposed a new
methodology which starts from a set of data that can be
easily determined by experimental measurements. How-
ever, some of the assumptions made in this model give
substantial errors. For example, the Kedem–Katchalsky
equations used for endothelium and IEL do not take into
account the boundary effects associated with the flow
across these two layers. In fact, these effects are large due
to the thickness of these two layers (�2 lm). Also, they
take into account the effects of the reaction inside the
media layer by approximating the loss of mass flux
upstream of the layer. This simplification can lead to an
over or underestimation of the influence of the chemical
reaction. In addition, they obtain the value of diffusive per-
meability in the endothelium under the assumption of no
convection flow which substantially overestimates the value
of the diffusive permeability.
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Fig. 1. Transverse sectional view of a blood vessel wall.
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In the current study, a four-layer-wall model is pre-
sented which consists of the following five regions, lumen,
endothelium, intima, IEL and media. The fundamental
porous media equations are utilized to characterize the
properties associated with the wall layers. Starting from
these governing equations and the well established experi-
mental data of the wall permeability and concentration
profile in the media, the parameters associated with each
layer are determined. Utilizing these parameters in our
model, the effects of hypertension are studied. Since the
intimal thickening is believed to be a very important factor
in the process of atherogenesis, the model is then applied to
a stenosed artery. The current model gives good estimation
of velocity and species distributions in the blood lumen and
within the artery wall.
2. Mathematical model

2.1. Lumen

In the arterial lumen, blood is treated as a homoge-
neous, isothermal and incompressible fluid. The blood flow
can be described by the Navier–Stokes and continuity
equations:
o~u1

ot
þ ð~u1 � rÞ~u1 � m1r2~u1 þrp ¼ 0 ð1Þ

r �~u1 ¼ 0 ð2Þ

where~u1 is the velocity vector, p is the pressure and m is the
apparent kinematic viscosity of the blood. It should be
noted that the elaboration of non-Newtonian effects can
be found in the work of Ai and Vafai [13].

In our study, the velocity field is computed in both the
luminal and porous wall regions of an artery simulta-
neously. A generalized model is utilized to describe the fil-
tration of plasma across the tissue layers constituting the
wall [14–16]:

q
e

o~u
ot
þ ð~u � rÞ~u

� �
¼ �rp þ l

e
r2~u� l

KD

~u� qF e

K1=2
D

½~u �~u�J

ð3Þ

In the luminal region, the species transport governing
equation can be written as

oc1

ot
þ~u1rc1 � D1r2c1 ¼ 0 ð4Þ

where c1 is the average species concentration associated
with the fluid and D1 is the diffusion coefficient. where ~u



Table 1
Thickness of the considered wall layers

Wall layer Thickness (lm)

Endothelium 2.0
Intima 10.0
IEL 2.0
Media 200.0
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and ð~u � rÞ~u are the local volume-averaged quantities
associated with the fluid, F is a function used in expressing
inertia terms, q is the fluid density and KD is the Darcy per-
meability. The quantities p and J are the average pressure
inside the fluid and a unit vector oriented along the velocity
vector ~u, respectively. The generalized equation describing
flow in a saturated porous medium allows satisfaction of
no-slip boundary conditions. The generalized model gives
the correct limiting behavior, reducing to Darcy’s law in
a uniform porous media and the Navier–Stokes equations
in free fluid.

2.2. Endothelium and IEL

The endothelium and IEL are considered to be porous
membranes in the current model, in which the volume flux
is driven by both the hydraulic pressure and osmotic pres-
sure. The governing equation for the fluid can be obtained
from Eq. (3) as

rp ¼ �
lp

KD

~u2 þ rdRgTrc2 þ ~lpr2~u2 ð5Þ

r �~u2 ¼ 0 ð6Þ

In the above equation,~u2 is the velocity vector for the plas-
ma, lp is the plasma viscosity, ~lp is the effective viscosity,
KD is the Darcy permeability and p is the pressure. The first
term on the right-hand side of Eq. (3) represents the Darcy
resistance for each wall layer while the second term de-
scribes the viscous force which is required to satisfy the
no-slip boundary condition. For the last term, the effective
viscosity ~lp is taken to be equal to lp in our study. Detailed
models for ~lp can be found in Alazmi and Vafai [17]. The
second term on the right-hand side of Eq. (5), accounts for
the osmosis effects, where rd is the osmotic reflection coef-
ficient, Rg is the universal gas constant and T is the abso-
lute temperature.

The species transport is governed by the following
equation:

e
oc2

ot
þr � ðc~u2c2 � seD2rc2Þ ¼ 0 ð7Þ

where c2 is the species concentration in the fluid phase, e
the porosity, and s is the tortuosity.

The term seD2 is commonly considered to be the effec-
tive diffusion coefficient D2,eff. It should be noted that
the large molecules are reflected by the porous tissue
layer which results in a reduced convective transport. This
phenomenon is taken into account by adding a sieving
coefficient c in the convective term. The transport does
not occur directly from point to point on the shortest dis-
tance inside the porous medium due to the solid matrix
blockage. The tortuosity s stands for the ratio of the
straight line distance to the curved path length between
the two points and it is assumed to be the same for all
directions (isotropic). The tortuosity is usually determined
experimentally [18,19].
2.3. Intima and media

The intima and media are also modeled as homogeneous
porous media. Since the average spacing between fibers is
significant relative to the wall thickness, the fiber-induced
velocity boundary layers should be included. Due to phys-
iological range of parameters, Eq. (3) can be simplified as
[15]

rp ¼ �
lp

KD

~u3 þ ~lpr2~u3 ð8Þ

The continuity equation is given as

r �~u3 ¼ 0 ð9Þ
In the porous wall region, neglecting the dispersion and
fluid–solid interaction terms, the species transport process
can be described by the following volume-averaged advec-
tion–diffusion equation [15,19,20]:

e
oc3

ot
þr � ðc~u3c3 � seD3rc3Þ þ ekc3 ¼ 0 ð10Þ

The LDL reaction rate on the surface of SMC is approxi-
mated by a first-order reaction. The reaction is considered
only in the media layer, which means that the effective first-
order reaction rate coefficient k equals to zero in the other
wall layers.

2.4. Geometry and boundary conditions

The artery is modeled as a straight tube with the luminal
radius of R0 = 0.31 cm and length of Lun = 36R0 =
11.16 cm. A fully developed (parabolic) velocity profile with
the mean velocity U0 = 16.9 cm/s is specified at the inlet.
The specified physiological and geometrical dimensions
are based on typical values found in the literatures for the
arteries. The density and apparent viscosity of blood are
q = 1.05 g/cm3 and l = 0.035 g/(cm s), which lead to a Rey-
nolds number of Re = 316. The diffusivity of LDL in the
blood is 5 · 10�8 cm2/s. The thickness of each wall layer is
listed in Table 1 [10,12], which results in a total thickness
of wall layer of Lw = 0.0214 cm = 0.069R0.

The following physiologically consistent boundary con-
ditions for fluid and species are specified, as shown in
Fig. 2.

2.5. Boundary conditions for fluid

A fully develop (parabolic) velocity profile at the inlet of
the arterial lumen
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Fig. 2. The geometry and boundary conditions.
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u ¼ 2U 0ð1� ðr=R0Þ2Þ and v ¼ 0

for 0 6 r 6 R0; x ¼ 0 ð11Þ

Zero axial velocity at the corresponding inlet of each wall
layer

u ¼ 0 for R0 6 r 6 1:069R0; x ¼ 0 ð12Þ
A traction-free condition at the outlet of the lumen and
each wall layer

�p þ l
ou
ox
¼ 0 for 0 6 r 6 1:069R0; x ¼ 36R0 ð13Þ

Zero transverse velocity gradient and zero cross flow on the
axis of symmetry

ou=or ¼ v ¼ 0 on r ¼ 0 ð14Þ

The near-wall normal velocity component is equal to the
transmural filtration velocity

u1 ¼ u2 ¼ u3 ¼ ufilt ð15Þ
where ufilt is the filtration velocity through the wall.

Constant pressure at the inlet and at the adventitial vasa
vasorum

pl ¼ 100 mm Hg for 0 6 r 6 R0; x ¼ 0 ð16Þ
padv ¼ 30 mm Hg for r ¼ 1:069R0 ð17Þ
2.6. Boundary conditions for species

Constant LDL inlet concentration

c ¼ C=C0 ¼ 1 for 0 6 r 6 R0; x ¼ 0 ð18Þ
where c is the nondimensionalized concentration and C0

is the reference concentration. C0 is taken to be C0 =
1.2 mg/ml which fits data in the range of LDL concentra-
tions C0 = 0.5–2 mg/ml for human blood.

Zero transverse concentration gradient on the axis of
symmetry

oc=or ¼ 0 on r ¼ 0 ð19Þ

Zero axial concentration gradient at the outlet of the lumen
and for each wall layer

oc=ox ¼ 0 for 0 6 r 6 1:069R0; x ¼ 36R0 ð20Þ

Boundary conditions for the concentration at the interfaces
of lumen and the arterial walls can be written as

ð�D1rc1 þ u1c1Þ � n1 ¼ ð�seD2rc2 þ cu2c2Þ � n2 ¼ N 00s
ð21Þ

where N 00s and n are the mass flux of solute per unit area
through the wall and the unit vector normal to the inter-
face, respectively.
3. Simulations

The transport processes in the lumen, intima and media
are coupled by the flux across the endothelium and IEL
which is traditionally modeled using the Kedem–Katchal-
sky equations [7,10]. A detailed description of the pore the-
ory and the theoretical characterization of its coefficients
can be found in Kedem and Katchalsky [21], Curry [22],
Deen [23], Jo et al. [24], Wang and Tarbell [25], and Michel
and Curry [26]. However, complex computations are
involved to theoretically estimate the coefficients using
the pore theory. The equations here are solved using
the Galerkin finite element method. Detailed solution
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algorithm and method used in the current work are given in
the Ref. [27].

Instead of using the pore theory to model the endothe-
lium and the internal elastic lamina (IEL), we will utilize
a simplified porous media theory to model these two layers.
This simplified mathematical model allows us to define the
relationship between the set of physical parameters charac-
terizing each wall layer. Therefore, incorporating experi-
mentally determined data, we can directly estimate these
coefficients.

We start with the filtration velocity, ufilt, and the mass
flux, N 00s , whose values have been determined experimen-
tally. We introduce the definition of the effective permeabil-
ity. The filtration velocity ufilt is given in terms of its driving
force, �Dp = p1 � p2 and the effective permeability KD,eff

ufilt ¼ �
KD;eff

lpL
Dp ð22Þ

where L is the thickness of the wall, and p1 and p2 are the
pressure on each side of the layer. The relationship between
KD,eff and KD can be obtained by solving Eq. (5) satisfying
the no-slip boundary conditions at the top and bottom
boundaries [28].

KD;eff ¼ KD½1� tanhðL=ð2
ffiffiffiffiffiffiffi
KD

p
ÞÞ=ðL=ð2

ffiffiffiffiffiffiffi
KD

p
ÞÞ� ð23Þ

The average concentration within a wall layer is defined as
cavg = w1c1 + w2c2, where w1 and w2 are suitable weighting
functions independent of the concentration and c1 and c2

are lower and upper concentration for each of the layers.
These weighting functions can be calculated assuming that
the concentration inside the layer varies only along the
normal direction. Under the steady state conditions, the
governing equation for the concentration field Eq. (10)
reduces to

�Deff c00ðxÞ þ cu � nc0ðxÞ þ ekcðxÞ ¼ 0; x 2 ð0; LÞ ð24Þ
cð0Þ ¼ c1 ð25aÞ
cðLÞ ¼ c2 ð25bÞ

where L is the thickness of the layer.
It should be noted that the first-order reaction coeffi-

cient k is taken as zero in the endothelium, intima and
IEL. The exact solution for this boundary value problem
is given as

cðxÞ ¼ ððc1ek2L � c2Þek1x � ðc1ek1L � c2Þek2xÞ=ðek2L � ek1LÞ
ð26Þ

By integrating c(x) over (0, L), we can obtain the average
concentration, which can be used to define analytical
expressions for the weighting functions w1 and w2 with
respect to the arguments Deff, c, u Æ n, k

cavg ¼
R L

0
cðxÞdx
L

¼ w1c1 þ w2c2 ð27Þ
where the eigenvalues k1,2 are given as

k1;2 ¼
cu � n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcu � nÞ2 þ 4Deffek

q
2Deff

ð28Þ

w1 ¼
ðk2 � k1Þeðk1þk2ÞL � k2ek2L þ k1ek1L

k1k2ðek2L � ek1LÞ and

w2 ¼
k1ek2L � k2ek1L þ k2 � k1

k1k2ðek2L � ek1LÞ

ð29Þ

In the work of Prosi et al. [10], the resistances associated
with the diffusion and convection processes are approxi-
mated as Rdiff = �L/Deff and Rconv = (c1 � c2)/cu Æ ncavg

respectively. This approximation for the diffusion resis-
tance can only be made when the concentration gradient
can be assumed linearly dependent on the boundary con-
centration. From Eq. (24), it is clear that this only happens
when the second term and third term are relatively small,
which indicates that the reaction inside the layer is small
and that the convection is negligible. For the media, this
approximation is not valid due to the convection-dominant
transport mode and the large reaction coefficient. It should
be noted that utilizing a linear approximation to estimate
the concentration gradient and the average concentration
in the media, which is effectively what has been done in
Prosi et al. [10], leads to substantial errors. In our model,
rather than approximating the concentration gradient
and the average concentration, we utilize the analytical
solutions to ensure the continuity of the specified species
fluxes across the interfaces.

Another boundary condition at the media–adventitia
interface ocadv/on = 0 is also incorporated in our model.
As such we will develop a revised solution for Eq. (24)
using the following boundary conditions:

cð0Þ ¼ cþmed ð30aÞ
ocðLmedÞ

on
¼ 0 ð30bÞ

where Lmed is the thickness of the media layer and cþmed is
the specified concentration at media–adventitia interface,
we obtain the concentration distribution as

cðxÞ ¼ cþmedðk1ek1Lmed ek2x � k2ek2Lmed ek1xÞ
k1ek1Lmed � k2ek2Lmed

ð31Þ

where k1,2 have the same forms as those given in Eq. (28).
Hence the average concentration for the new distribu-

tion given in Eq. (31) is found to be

cavg;med ¼
cþmed½ðk

2
1 � k2

2Þeðk1þk2ÞLmed � k2
2ek1Lmed þ k2

1ek2LmedÞ�
k1k2ðk1ek1Lmed � k2ek2LmedÞLmed

ð32Þ
The concentration gradient at the left boundary is found to
be

ocð0Þ
on
¼ rcþmed ¼

cþmedk1k2ðek1Lmed � ek2LmedÞ
k1ek1Lmed � k2ek2Lmed

ð33Þ
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4. Determination of the parameters

A multilayer model is utilized, which accounts for a rel-
atively detailed structure of the wall. Its components
include the lumen, the lumen–endothelium interface, endo-
thelium, endothelium–intima interface, intima, intima–IEL
interface, IEL, IEL–media interface, and media (which is
the thickest part of the arterial wall).

Mass transfer through the arterial wall has been studied
by Jo et al. [24], Wang and Tarbell [25], Tarbell et al. [29],
Huang et al. [30], Huang et al. [31], Huang et al. [32] and
Truskey et al. [33]. The current model is based on experi-
mental data that involve both the filtration of plasma
through the artery wall and the transport process of
chemicals. The primary sources of data come from the
experimental work of Meyer et al. [34] where filtration
velocities and LDL concentration profiles are measured
at the same time for rabbit aortas and the analysis of Yuan
et al. [35] where the Peclet numbers in the wall layers are
either estimated using the fiber matrix model or obtained
through experimental measurements.

4.1. Model for filtration

The parameters characterizing the filtration of plasma
into the wall can be determined employing a circuit anal-
ogy. The viscosity of the plasma lp is taken as lp = 0.72 ·
10�2 g/(cm s). In the literature, there is a good agreement
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Fig. 3. Calculated filtration v
on the order of magnitude of the media’s Darcy permeabil-
ity, 10�14, which has been experimentally evaluated by
Whale et al. [36]. On the other hand, the order of magnitude
of KD,int (the Darcy permeability associated with the intima)
is 10�12 cm2, which is hundred fold greater than the mea-
sured value for the media’s permeability, 10�14 cm2 [31].

The values of permeability of the intima and media are
in general well established [8,10,31,32]. Based on these
works, we set the value of permeability of media as
KD,med = 2.0 · 10�14 cm2 and the value of permeability of
intima as KD,int = 2.2 · 10�12 cm2.

Neglecting the flux due to osmosis, the electrical analogy
for the plasma filtration features four resistances in series,
corresponding to endothelium, intima, IEL, and media,
respectively. By applying the electric analogy, we obtain

Rtot ¼
p1 � p2

ufilt

¼ lendLend

KDeff;end

þ lintLint

KDeff ;int

þ lielLiel

KDeff ;iel

þ lmedLmed

KDeff ;med

ð34Þ

With the transmural pressure jump p1 � p2 = 70 mm Hg
and ufilt = 1.78 · 10�6 cm/s as reported in Meyer et al.
[34], which are coherent with the measurements presented
in Tarbell et al. [37], Dull et al. [38], Huang et al. [32], Deng
et al. [39], Tedgui and Lever [40], we obtain the total resis-
tance of Rtot = 5.24135 · 1010 g/cm2 s.

The porosities are 5 · 10�4, 0.96, 4 · 10�3 and 0.15 for
endothelium, intima, IEL and media, respectively [8,10,
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35,41]. Based on Eq. (23), we can calculate the effective per-
meabilities for the intima and media. The calculated perme-
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Fig. 4. (a) Calculated volume-averaged LDL concentration profile in the m
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lates into the following resistances of Rint = 3.28 · 106

g/cm2 s and Rmed = 7.2 · 109 g/cm2 s, for intima and media
respectively.

The resistance for the endothelium layer is about one
hundred times greater than the one for IEL

Rend þ Riel ¼ 1:01Rend ¼ Rtot � Rint � Rmed

¼ 4:521� 1010 g=cm2 s ð35Þ

This results in Rend = 4.476 · 1010 g/cm2 s and Riel =
4.476 · 108 g/cm2 s which agrees well with the values ob-
tained by Karner et al. [7] based on pore theory.

As such, we obtain KDeff ;end
¼ 3:21697� 10�17 cm2 and

KDeff;iel
¼ 3:21697� 10�15 cm2. Hence the Darcy permeabil-

ity associated with the endothelium and IEL can be calcu-
lated from Eq. (23) using an iterative method KD,end =
3.21715 · 10�17 cm2 and KD,iel = 3.21880 · 10�14 cm2. As
shown in Fig. 3, we can see that the calculated radial veloc-
ity across each interface corresponds well with the specified
filtration velocity of ufilt = 1.78 · 10�6 cm/s.

4.2. Model for species transport

An electrical analog is utilized in the model used by
Prosi et al. [10], in which the media is divided into two
equal parts to take into account the degradation of solute
due to chemical reactions. However, it should be noted that
special attention needs to be given to the media layer due
to the large concentration gradient at the IEL/media
interface.

We start by specifying the parameter values that are
experimentally determined. As such, the porosity of the
media is set to emed = 0.15 and the effective diffusivity of
LDL is taken as Deff,med = 5.0 · 10�10 cm2/s, based on
the data reported in the work of Truskey et al. [42], Trus-
key et al. [33], Karner et al. [7], Stangeby and Ethier [8] and
references therein. With these values, we will estimate the
concentration profile inside the different layers. Details of
the LDL mass transport simulation and the effects of
hypertension on an artery were analyzed in Yang and Vafai
[43]. The results in Yang and Vafai [43] constitute a robust
framework for analyzing the LDL transport in an artery.

The volume-averaged LDL concentration in the media
is about 2.5 · 10�3 under the transmural pressure of
70 mm Hg based on the data reported in Meyer et al.
[34]. Considering the polarization effect at the interface
Table 2
Values of the constants and parameters in each region

Fluid Endothelium

Viscosity (g/cm2 s) 0.035 0.0072
Porosity 0.0005
Diffusivity (cm2/s) 2.867 · 10�7 8.154 · 10�13

Permeability (cm2) 3.21715 · 10�17

Sieving coefficient 1.145 · 10�2

Reaction coefficient (s�1)
between the lumen and the wall, the concentration at the
interface is taken to be cl = 1.0262 [10]. It should be noted
that the value of the polarization effect strongly depends on
the filtration velocity which has been studied by Wada and
Karino [11]. The following sequence of steps will describe
the methodology for estimating the unknown parameters
characterizing different layers.

4.3. Determination of the overall mass flux crossing the

arterial wall

The flux of LDL into the arterial wall depends on the
plasma concentration and the apparent permeability,
which is similar for the aorta of humans, monkeys, rabbits,
and pigeons [44]. Based on the works of Truskey et al. [33]
and Huang and Tarbell [45], we assign the value of the
apparent permeability of artery wall as Ptot = 2 ·
10�8 cm/s.

According to the definition of Ptot, the overall mass flux
can be given as

N 00s ¼ P totcl ¼ 2:0524� 10�8 cm=s ð36Þ

which should be a constant throughout the wall layers. At
the lumen/endothelium interface, we obtain from Eq. (21)

N 00s ¼ �Deff ;endrcl þ cendufiltcl ð37Þ

where cl is the concentration at the endothelium/intima
interface.

We define the Peclet number associated with the endo-
thelium Peend as

Peend ¼ cendufilt=ðDeff;end=LendÞ ð38Þ
It is stated in Yuan et al. [35] that the convection is the
dominant mode of transport (Peend � 10) when the trans-
mural pressure is greater than 70 mm Hg. As such, we set
Peend = 5 and rewrite Eq. (37) in terms of Peend as

P totcl ¼ �Deff ;endrcl þ ðPeendDeff;end=LendÞcl ð39Þ
The expression for $cl in terms of Peend can be acquired
from Eq. (26) with the reaction coefficient of k = 0

rcl ¼
Peendðcþint � clÞ
LendðePeend � 1Þ ð40Þ

By dividing cl on both sides of Eq. (39) and neglecting the
small term cþint=cl, we obtain
Intima IEL Media

0.0072 0.0072 0.0072
0.96 0.004 0.15
5.0 · 10�8 3.18 · 10�11 5.0 · 10�10

2.2 · 10�12 3.2188 · 10�15 2.0 · 10�14

1.7084 · 10�1 1.7048 · 10�1 1.34 · 10�1

2.85 · 10�4
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P tot ¼
Deff ;endPeendePeend

LendðePeend � 1Þ ð41Þ
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4.4. Determination of Pemed and k

The diffusivity in the intima is about hundred fold greater
than that which is in the media, according to the work of
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Huang et al. [31]. Therefore, the diffusivity in the intima is
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The chemical reaction and the corresponding consump-
tion of solute are due to its uptake by the smooth muscle
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cells (SMCs). SMCs are considered to have a reactive sur-
face but are impermeable to water flux due to the relatively
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the chemical reaction is homogeneously distributed in
space that takes place across the entire width of the layer.

From the experimental results of Meyer et al. [34], we
specify the concentration at the IEL/media interface to
be cþmed ¼ �cþmed=emed ¼ 6:6667� 10�2, where �cþmed is the
volume-averaged concentration in the media. We define
the Peclet number in the media as

Pemed ¼ cmedufilt=ðDeff ;med=LmedÞ ð42Þ

In terms of Pemed, Eq. (24) can be rewritten as

c00ðxÞ � Pemedc0ðxÞ=Lmed � emedkcðxÞ=Deff;med ¼ 0 ð43Þ

and k1,2 can be rewritten as

k1;2 ¼
Pemed

2Lmed

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pemed

2Lmed

� �2

þ emedk
Deff;med

s
ð44Þ

When the gradient-free concentration boundary condition
is applied, the mean concentration cavg,med has the same
expression as that given by Eq. (32) and the expression
for the concentration in the middle of media can be
obtained as

cðLmed=2Þ ¼ cþmedðk1ek1Lmed ek2ðLmed=2Þ � k2ek2Lmed ek1ðLmed=2ÞÞ
k1ek1Lmed � k2ek2Lmed

ð45Þ
The mass flux across the in the IEL/media interface is given
by
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N 00s ¼ �Deff;medrcþmed þ cmedu � ncþmed ð46Þ

By letting either the mean concentration �cavg;med or the con-
centration in the middle of media �cðLmed=2Þ to be equal to
the measured value of 2.5 · 10�3 and combining it with Eq.
(46), we will have a nonlinear system of two equations for
two unknowns k and Pemed, respectively. We can solve
these two sets of equations using an iterative method. This
results in

Pemed ¼ 8:36 and r ¼ 4:06� 10�4 s�1

for the case �cavg;med ¼ 2:5� 10�3 and

Pemed ¼ 9:54 and r ¼ 2:85� 10�4 s�1

for the case �cðLmed=2Þ ¼ 2:5� 10�3

Consequently, the values of cmed will be cmed = 1.1745 ·
10�1 and cmed = 1.3401 · 10�1. The calculated values of
Pemed and cmed compare well with the values Pemed � 4.4
and cmed � 8 · 10�2 from the experimental measurements
and computational analysis of Tedqui and Lever [40],
Yuan et al. [35], Huang et al. [31]. Although the calculated
values of k are relatively large compared to the value of
k = 1.4 · 10�4 s�1 provided by Morris et al. [46] and Trus-
key [42], it provides a good approximation for the concen-
tration profile in the media as shown in Fig. 4(a).

If we specify the volume-averaged concentration
�cadv ¼ 1:2� 10�2 at the media/adventitia interface based
on the experimental data of Meyer et al. [34], the results
will be
5 0.31 0.315 0.32 0.325 0.33

ymmetry line (cm)

p=70mmHg
p=120mmHg

dothelium & Intima & IEL Media

oncentration profile.
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Pemed ¼ 5:77 and k ¼ 6:71� 10�4 s�1

for the case �cavg;med ¼ 2:5� 10�3 and

Pemed ¼ 9:52 and k ¼ 2:86� 10�4 s�1

for the case �cðLmed=2Þ ¼ 2:5� 10�3

Consequently, the values of cmed will be cmed = 8.1093 ·
10�2 and cmed = 1.3371 · 10�1. From Fig. 4(b), it is obvi-
(a)

(b)

Fig. 12. (a) Geometry of constricted tube (upstream)
ous that the second case has a better agreement with the
published data.

4.5. Determination of Deff,iel

From the values obtained from the prior section, we can
also obtain the concentration gradient at the IEL/media
interface with the concentration profile given by Eq. (33).
. (b) Geometry of constricted tube (downstream).
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The matching conditions for the concentration gradients at
the IEL/media interface can be given by

rcþmed ¼ rc�iel ¼
c�iel � cþiel

� �
kiele

kielLiel

ekielLiel � 1
ð47Þ

The constant mass flux should be satisfied at relevant inter-
faces, which gives
Fig. 13. (a) Velocity vectors near the stenosis (xst = 5.58 cm, d =
N 00s ¼ �Deff;ielrcþiel þ cielu � ncþiel ð48Þ
N 00s ¼ �Deff;intrcþint þ cintu � ncþint ð49Þ

These equations can also be rewritten in terms of the Peclet
numbers for intima and IEL, Peint and Peiel. By realizing
that cþiel ¼ c�int and c�iel ¼ cþmed, we have a nonlinear equation
system for c�int and Peiel, Eqs. (50) and (51).
1/2). (b) Shear rate near the stenosis (xst = 5.58 cm, d = 1/2).
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rc�iel ¼
ðcþmed � c�intÞPeiele

Peiel

LielðePeiel � 1Þ ¼ rcþmed ð50Þ

N 00s ¼ �Deff;iel

ðcþmed � c�intÞPeiel

LielðePeiel � 1Þ þ
PeielDeff ;iel

Liel

c�int

¼ Deff ;ielPeielðePeiel c�int � cþmedÞ
LielðePeiel � 1Þ ð51Þ

To solve this system, we need to determine the effective dif-
fusivity for the IEL layer. The available data for calculat-
ing the diffusivity of IEL are as follows:

(i) The diffusive permeability ratio of endothelium to
IEL is j = 6.289 · 10�5 obtained by Prosi et al. [10]
from pore theory.

(ii) The diffusive permeability provided by Karner et al.
[7] is Pdiff,iel = 1.59 · 10�7 cm/s, based on the pore
theory.

(iii) The diffusive permeabilities obtained by Prosi et al.
[10] are Pdiff,end = 2.000126 · 10�8 cm/s and Pdiff,iel =
3.18 · 10�4 cm/s based on the assumption of no
convection.

Based on the definition of the diffusive permeability of
the IEL P diff ;iel ¼ Deff;iel

Liel
, we can calculate the values of diffu-

sivity from the above three cases and obtain three different
values for Deff,iel, namely, 6.5267 · 10�9 cm2/s, 3.18 ·
10�11 cm2/s and 6.36 · 10�8 cm2/s. These display a large
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Fig. 14. Cross-sectional concentration profiles a
deviation. It can be reasoned that the permeability values
of Prosi et al. [10] which correspond to the endothelium dif-
fusivity order of 10�12 cm2/s are not accurate, based on our
earlier analysis. It should be noted that the endothelium
diffusivity order of 10�12 cm2/s corresponds to Peend � 1
which is not consistent with the experimental data.

We can evaluate the order of Deff,iel by dividing Eq. (50)
by Eq. (51). This results in

Deff ;ielðcþmed � c�intÞePeiel

Deff ;iel ePeiel c�int � cþmed

� � ¼ Deff ;ielrcþmed

N 00s
ð52Þ

We can then rewrite the above equation as

�Deff ;ielrcþmed

N 00s
¼ 1� cþmedð1� ePeielÞ

ePeiel c�int � cþmed

ð53Þ

It is obvious that Peiel > 0 which leads to

�Deff ;ielrcþmed

N 00s
< 1 ð54Þ

Based on the values of rcþmed and Ns from our previous
analysis, we obtain Deff,iel < 9.4 · 10�10 cm2/s for the larg-
est concentration gradient value calculated at the IEL/
media interface. As such, the value Deff,iel = 3.18 ·
10�11 cm2/s provided by Karner et al. [7] looks more rea-
sonable. It results in a sieving coefficient for IEL
ciel = 1.7048 · 10�1 and a Peclet number of Peiel = 1.9.
This value is larger than the value obtained by Karner
0.2 0.25 0.3 0.35

 symmetry line (cm)

t-free boundary condition at media/adventitia interface

A: x=2.79cm
B: x=5.58cm
C: x=8.37cm
D: x=16.74cm

=5.58cm; δ=1/2

ndothelium & Intima & IEL Media

t different locations (xst = 5.58 cm, d = 1/2).
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et al. [7] which is ciel = 1.93 · 10�2 based on the pore the-
ory. But the calculated ratio between the sieving coeffi-
cients for endothelium and IEL is
Fig. 15. (a) Velocity vectors near the stenosis (xst = 16.74 cm, d =
n ¼ cend

ciel

¼ 6:735� 10�2 ð55Þ

which compares well with the published results [7,10].
1/2). (b) Shear rate near the stenosis (xst = 16.74 cm, d = 1/2).
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From our numerical analysis, we find that the boundary
condition we choose at the media/adventitia interface has
a small effect on the calculated value of ciel and c�int. With
the parameter values Deff,iel = 3.18 · 10�11 cm2/s and ciel =
1.7048 · 10�1, the calculated concentration at the intima/
IEL interface is c�int ¼ 6:749� 10�2. Due to the large diffu-
sivity for the intima Deff,int = 5.0 · 10�8 cm2/s, it can be
seen from Eq. (49) that the concentration drop across the
intima is negligible. As such, we can neglect the diffusive
resistance and rewrite Eq. (49) as

N 00s ¼ cintu � nc�int ð56Þ

This results in

cint ¼
N 00s

u � nc�int

¼ 0:17084 ð57Þ

which compares well with the values proposed by Huang
et al. [31] (cint = 1.99 · 10�2–1.536 · 10�1) and Prosi et al.
[10] (cint = 1.727709 · 10�1). As such the Peclet number
we obtain is Peint = 6.1 · 10�3, which indicates diffusion
is the dominant species transport mode within the intima.
The complete set of the constants and parameters used in
the current model are listed in Table 2.

Numerical results agree well with the analytical solu-
tions for each layer as shown in Figs. 5 and 6. Fig. 7 shows
the concentration obtained at all the interfaces with the
gradient-free boundary condition. Fig. 8 shows a good
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Fig. 16. Cross-sectional concentration profiles at
agreement between the numerical results with two different
boundary conditions and the experimental data.

5. Effects of the hypertension

It is well known that systemic arterial hypertension has a
significant impact on the process of atherogenesis. Three
factors are proposed to explain the contribution of hyper-
tension to atherogenesis. The first is that the increased
transmural pressure causes an increase in the transmural
fluid flux, which leads to a greater convective mass flux.
The second is that an increased fluid flux enhances the con-
centration polarization developed at the lumen/endothe-
lium interface, which in turn increase the mass flux in
two ways. One is that the higher concentration at interface
increases the total mass flux if the permeability is assumed
to stay unchanged. The other one is that the higher concen-
tration at the interface may even increase the wall perme-
ability itself. The third factor is that the permeability of
the wall may be pressure dependent [8].

We assume that all the wall parameters remain
unchanged under the increased transmural pressure. The
transmural pressure is increased from 70 mm Hg to
120 mm Hg. An increase of transmural pressure greatly
elevates the filtration velocity as shown in Fig. 9. The
effects of transmural pressure on the concentration
polarization are shown in Fig. 10, which shows that the
hypertension substantially increases the concentration at
0.2 0.25 0.3 0.35
mmetry line (cm)

-free boundary condition at media/adventitia interface

A: x=5.58cm
B: x=13.95cm
C: x=16.74cm
D: x=19.53cm

16.74cm; δ=1/2

ndothelium & Intima & IEL Media 

different locations (xst = 16.74 cm, d = 1/2).
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the lumen/endothelium interface. The cross-sectional con-
centration profiles under both pressure conditions are
shown in Fig. 11. From Fig. 11, it can be seen that the con-
centration in the media layer is increased noticeably while
the concentration increases slightly in the intima layer.
Fig. 17. (a) Velocity vectors near the stenosis (xst = 5.58 cm, d = 1/4
6. Effects of the stenosis

The physical parameters computed in the previous sec-
tions are used to study the effects of stenosis. A further val-
idation is needed for the current model being applied to
). (b) Velocity vectors near the stenosis (xst = 5.58 cm, d = 1/4).
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vascular regions more complex than a straight tube. Partic-
ular interest exists in studying the axi-symmetric stenotic
artery which corresponds to an artery wall which is either
Fig. 18. (a) Cross-sectional concentration profiles at different locations (xst =
d = 1/4).
constricted or the intima layer is thickened. Intimal thick-
ening is mainly caused by SMC proliferation inside the
vessel wall.
5.58 cm, d = 1/4). (b) Velocity vectors near the stenosis (xst = 16.74 cm,



Fig. 19. Shear rate near the stenosis (xst = 16.74 cm, d = 1/4).

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
0

0.2

0.4

0.6

0.8

1

D: x=19.53cm1.2

1.4

Distance from symmetry line (cm)

C
ro

ss
-s

ec
tio

na
l c

on
ce

nt
ra

tio
n

Cross-sectional concentration profiles for the gradient-free boundary condition at media/adventitia interface

A: x=5.58cm
B: x=13.95cm
C: x=16.74cmx

st
=16.74cm; δ=1/4

Lumen Endothelium & Intima & IEL Media 

A B C D

Fig. 20. Cross-sectional concentration profiles at different locations (xst = 16.74 cm, d = 1/4).
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As shown in Fig. 12(a) and (b), the tubular geometry is
determined by the radius R0 and the local, smooth axi-sym-
metric constriction [47]

rðxÞ ¼ R0

1� d
2

1þ cos pðx�xstÞ
x0

	 
h i
;

if jx� xstj 6 x0

1; if jx� xstj > x0 and 0 6 x 6 Lst

8>><
>>: ð58Þ

where xst is the x coordinate of the center of the stenosis, x0

is the stenosis half-length, Lst is the total length of vessel
with stenosis and d is the dimensionless thickness of the
luminal reduction in the radial direction. We choose
x0 = 2R0 = 0.62 cm, Lst = 72R0 = 22.32 cm.

The definition of area reduction Ared is given by

Ared ¼ 1� rðxstÞ
R0

� �2

¼ 1� ð1� dÞ2 ð59Þ

Classifications of stenoses were first given by the World
Health Organization [48] in three specified luminal narrow-
ing grades [49]:

No stenosis: No reduction in the area of the arterial
lumen.

Moderate stenosis: More than half of the original lumen
diameter remaining (Ared < 75%).

Severe stenosis: Less than half the original lumen diam-
eter remaining (Ared > 75%).

From the fluid mechanical point of view, severe stenosis
reductions may induce turbulence, high wall shear stresses,
and greatly vary shear stress gradients. From a physiolog-
ical standpoint, it is believed that the fluid mechanics will
trigger either greater luminal thickening or for a particle
cluster of the stenosis to shear off leading directly to
thrombi formation followed by emboli possibly leading
to a heart attack or stroke [49].

We take the dimensionless thickness of the luminal
reduction in the radial direction as d = 1/2 and d = 1/4,
which implies 75% (severe occlusion) and 43.75% (moder-
ate occlusion) area reduction respectively.

The effects of stenosis are studied at two different loca-
tions xst ¼ Lst

4
and xst ¼ 3Lst

4
, as shown in Fig. 12(a) and

(b). The results obtained from this study are shown in Figs.
13–20, from which it can be seen that the stenoses has pro-
nounced effects on the velocity field and the wall concentra-
tion. As shown in Figs. 13(a), 15(a), 17(a) and 18(b), the
maximum velocity vector appears slightly after the throat
and then starts to decrease. From Figs. 13(b), 15(b),
17(b) and 19, it can be seen that the maximum shear rate
occurs on the stenosis slightly before the throat. The shear
rate also starts to decrease after the throat. The concentra-
tion profiles are obtained at four different places (Fig. 12(a)
and (b)) depending on the location of the stenosis, as
shown in Figs. 14, 16, 18(a) and 20. From these figures,
it can be seen that the occurrence of stenosis greatly per-
turbs the species distribution inside the wall. The wall spe-
cies concentration near the region of stenosis is increased
dramatically. The wall concentration approaches to its
unperturbed value shortly after the stenosis.
7. Conclusion

A new model based on the porous media theory and
experimental data is proposed in the current study. The
results of the new model represent physical transport pro-
cess of LDL in the blood stream and inside the artery wall.
It is shown that hypertension greatly increases the transmu-
ral filtration and concentration polarization at the lumen/
endothelium interface. The effects of the stenosis on the
velocity and concentration fields are analyzed. The maxi-
mum shear rate appears before the throat while the velocity
vector reaches its maximum value slightly after the throat.
The wall concentration is greatly increased near the region
of stenosis and approaches its unperturbed value shortly
after the stenosis.
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